THE DIRICHLET PROBLEM FOR ELLIPTIC EQUATIONS IN 
DIVERGENCE AND NONDIVERGENCE FORM WITH SINGULAR 

DRIFT TERM 
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Abstract. Given two elliptic operators £o and £i in nondivergence form, with 
coefficients and drift terms b^, ^ = 0, 1 satisfying 

|Ao (Y) - Ai (y)i^ + S {Xf |bo (F) - bi (y)i^ 

is a Carleson measure in a Lipschitz domain Vl C M"^^, n > 1, (here 5 {X) = 
dist (X, 951)). If the harmonic measure dujn^ e then dojc-^ G ^oo- This is an 
analog to Theorem 2.17 in |S] for divergence form operators. 

As an application of this, a new approximation argument and known results we 
obtain: Let C be an elliptic operator with coefficients A and drift term b; C can 
be in divergence or nondivergence form. If 

|A (F) - A {Zf + 5 {Xf |b (F) - b (Z)l^ 
sup x I v\ 

\Y-X\<'-i^,\Z-X\<'-^ ^^^> 

is a Carleson measure in J7, then dioc G ^cxj.This extends the results in ^U] for 
divergence form operators while provides totally new results for nondivergence form 
operators. The results are sharp in all cases. 

1. Introduction and Background 
Given a bounded Lipschitz domain f2 C M""*"^, n > 1, and an operator C given by 
C = £d = divAV, (divergence fom) or 
C = Cn = ■ V^, (nondivergence form), 
the harmonic measure at X G fi, duj-^ , is the unique Borel measure on dfl such that 



for all continuous functions g & C (d^l) , 



u{X)= / g{Q)duji{Q) 
Jan 

is continuous in Q and it is the unique solution to the Dirichlet problem 

Cu = in r2 
u = g on dQ. 



(1.1) 
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Where we assume that the equahty Lu = holds in the weak sense for divergence 
form operators and in the strong a.e. sense for nondivergence form operators. Here 
A = A (X) is a symmetric (n + 1) x (n + 1) matrix with bounded measurable entries, 
satisfying a uniform ellipticity condition 

(1.2) A lei' < e ■ A (X) ^ < A lei' , X, e G W+\ 

for some positive constants A, A. In the nondivergence case the entries of the matrix 
A are assumed to belong to BMO (Q) with small enough norm. For a given operator 
C, the harmonic measures duj-^ , X & Q, are regular probability measures which are 
mutually absolutely continuous with respect to each other. That is, 

k{X,Y,Q) = —^{Q) e (diu^,dn) , X,Yen, Q e dn. 
duj-£ 

By the Harnack's principle the kernel function k (X, F, Q) is positive and uniformly 
bounded in compact subsets of VLxVLxdVL. As a consequence, to study differentiability 
properties of the family \^duj^_^^^^ with respect to any other Borel measure dv on 9^2, 

it is enough to fix a point Xq G Vl and study where duj = duj'^° is referred as the 
harmonic measure of C on dQ. The well definition of the harmonic measure follows 
from Riesz representation theorem if there is unique solvability of the continuous 
Dirichlet problem and a boundary Maximum Principle is available. 

Definition 1.1. Given an elliptic operator C, we say that the continuous Dirichlet 
problem is uniquely solvable in Q, and we say that CD holds for C, if for every 
continuous function g on dQ, there exists a unique solution u of such that 

ueC° (H) n W^'P (fi) for some 1 < p < oo. 

Given two regular Borel measures /i and u in dQ, duj G A^o {da) if there exist 
constants < e, 5 < 1 such that for any boundary ball A = A,. [Q) and any Borel 
set E C A, 

The relation duj G A^o (dfi) is an equivalence relation [15J, and any two measures 
related by the A^o property are mutually absolutely continuous with respect to each 
other. From classic theory of weights, if duj G A^o (dfi) then there exists 1 < g < oo 
such that the density h = ^ satisfies a reverse Holder inequality with exponent q: 

f h'dfiV < C^— [ hdfi. 

This property is denoted du G Bg (li/i), and du G Bg (dfi) is equivalent to the fact 
that the Dirichlet problem (jl.lj) for the operator C is solvable in [dfi, dQ), ^ + ^ = 1 
(see PI for details). When /i = a, the Euclidean measure, we write Aoofor Aqo (da). 

Definition 1.2. Let C be an elliptic operator that satisfies CT> and let fi be a doubling 
measure in dQ. We say that the W (dfi) -Dirichlet problem is uniquely solvable in Q, 
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and we write that Dp (dfi) holds for C, if for every continuous function g on dQ, the 
unique solution u of M.l\) satisfies 

for some constant independent of g. Here Nu denotes the nontangential maximal 
function of u on dVt. 

In the remarkable work the authors estabhshed a perturbation result relating 
the harmonic measures of two operators in divergence form. The analogue result was 
later obtained by the author in |^ for nondivergence form operators. Before stating 
the result we need a few more definitions. 

Definition 1.3. Let VL he an open set in M""*"^ and let ^ be a nonnegative Borel 
measure on dQ. For X G dfl and r > denote by (X) = {Z G dfl : \Z — X\ < r} 
and Tr {X) = {Z E Q : \Z — X\ < r}. Given a nonnegative Borel measure v in fi, 
we say that v is a Carleson measure in with respect to /i, if there exist a constant 
Co such that for all X G and r > 0, 

z/(T,(X)) <Co^(A, (X)), 

The infimum of all the constants Cq such that the above inequality holds for all X G 
dQ and r > is called the Carleson norm of u with respect to in fi. For conciseness, 
we will write z/ G C {dfi, fl) when v is a Carleson measure in fl, and we denote by 
W^Weidfifi) "^ts Carleson norm. When fi = a is the Lebesgue measure on dQ we just say 
that u is a Carleson norm in Q. 

Throughout this work, (X) denotes a cube centered at X with faces parallel to 
the coordinate axes and sidelength 'jt; i.e. 

Q, (X) = |r = (yi, . . . , G M"+i : - x,| < ^, ? = 1, . . . , n + l| . 

Theorem 1.4. [Bj-^^Le^ Cd,o = divAoV and Cd,i = divAiV be two elliptic op- 
erators with bounded measurable coefficients in Q, and let iJd,o CL^d ujd,i denote their 
respective harmonic measures. Let a be a doubling measure on dfl and suppose that 

(1.3) ^(X)"^ sup \Ao (Y) - Ai{Y) f dX e (E {da, n) . 

YeQs(x) 

If dujdfi G Aoo then dujd,i G A^o- Also, if CD holds for the operators Cnfl = Aq ■ 
and Cn,i = Ai • (see Definition } 1.1}) . then their respective harmonic measures uJn,o, 
ujn,i, satisfy dujnfl e A^c =^ dujn,i e Aoo- 

The theorems above were stated in terms of the supremum of the differences 
|Ao (Y) — Ai {Y)\ for Y in Euclidean balls |y — X| < The above formulation 

is equivalent. 

Remark 1.5. By Theorem \3.<l\ below |16|, a sufficient condition for CD to hold for 
a nondivergence form operator £ = A • is that there exists p > depending on n 
and the ellipticity constants such that 

(1-4) l|A||BMO(n) < P- 
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It is not known whether or not the continuous Dirichlet problem is uniquely solvable 
in the case of elliptic nondivergence form operators with just bounded measurable 
coefficients. On the other hand, even under the restrictions for any p > it 

is known ^Hl that the continuous Dirichlet problem has non-unique "good solutions". 
That is , for any p > there exists A (X) G BMO with \\A.\\^y^Q^^^ < p and two 
sequences ofC°° symmetric matrices Aqj and Aij with the same ellipticity constants 
as A, such that Aij {X) A {X) as j oo for a.e.X , £ = 0,1, and such that for 
some continuous function g on dQ the solutions u^ j and Uij to the Dirichlet problems 

CojUqj = in f CijUij = in Q 

Uqj = g on dVl. 1 Uij = g on d^l. 

converge uniformly in Q to different continuous limits Uq and Ui. 

In jH] , Theorem 11.41 was extended to elliptic divergence form operators with a 
singular drift: 

Theorem 1.6 (Theorem 2.17 in |S1). // Cd,o = div AqV + bo • V and Cd,i = 
divAiV + bi ■ V where Aq and Ai satisfy and bj = [b^j]^^^, i = 0,1 sat- 

isfy 

(1.5) 6{X) sup \hi{Y) - ho {Y) f dX e(E {da, n), 

2v^ 

then duj£, Q G A^o =^ dujjj^i G Aoo. 

The results in Theorems 11.41 and 11.61 concern perturbation of elliptic operators. 
They provide solvability for the L'^ Dirichlet problem (for some q > 1) for an operator 
Ci given that there exists an operator Co for which the Dirichlet problem is 
solvable for some p > 1 and the disagreement of their coefficients satisfy the Carleson 
measure conditions ()1.3|) and ()1.5p . In ITU], the authors answer a different question: 
What are sufficient conditions on the coefficients A and b so that a given operator 
Cd = div AV + b has unique solutions for the L^-Dirichlet problem for some p > 17 
See also 

Theorem 1.7. ^lOjLet Cd = div AV + b ■ V, where A satisfies 

(1.6) 6{X) sup \VA{Y)fdXe€{da,n), 

|y_X|<^ 

and b satisfies l\1.5]) . Then dojcj^ G Aoo- 

2. Statement of the results 

One of the main results in this work is an analog of Theorem ll.6l for nondivergence 
form operators. 

Theorem 2.1. Let Cn,o = Aq ■ + bo ■ V and Cn,i = AiV^ + bi ■ V where 
Ai = (v4fj)"^_^-^ and hi = [b^j)^^^ i = 0,1 are bounded, measurable coefficients and 
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A£ satisfy the ellipticity condition il.^) for £ = 0,1. Suppose that CV holds for Cn/, 

£ = 0,1 and that 

(2.1) 

=up |A. (Y) - Ao (Yf + PiX) lb. (Y) - b„ (Y)f ^ ^ 



y&Qs(X)(X) 



6{X) 



where a is a doubling measure on dQ. Then duj]^^ G =^ duj^^i G Aoo- 

As an application of this result, Theorem ll.4l (nondivergence case) and an averaging 
of the coefficients argument we obtain an analog to Theorem 11.71 Moreover, this 
averaging argument (Lemma 13.9^ and Theorem 11.61 yield an extension of Theorem 
11.71 to the case when condition ()1.6p is replaced by the weaker assumption ()1.3|) . To 
make the statements concise, we introduce the following definition. 

Definition 2.2. For r > 0, the r -oscillation of a measurable function f {X) (scalar 
or vector-valued) at a point X , denoted osc^ / (X), is given by 

osc,/(X)= sup \f{W)-fiZ)\. 

Y,WeQr{X) 

Theorem 2.3. Let Cd = div AV + b ■ V and £Ar = A-V^ + b- V be uniformly ellip- 
tic operators in divergence form and nondivergence form, respectively, with bounded 
measurable coefficient matrix A and drift vector h. In the nondivergence case we 
assume that CD holds for Cn- Suppose that the coefficients A, h satisfy 

osc^A(X)) +6^X) (oscHxih{X)] 

(2.2) ^ ^ Ux G € {da, Q) , 

d [X) 

Then duci, ^ and duc,^ G . 

2.1. The theorems are sharp. In jSj it was shown that Theorem 11.41 is sharp for 
divergence form equations in two fundamental ways (see Theorems 4.11 and 4.2 in 
jB]). The examples provided in that work were constructed using Beurling-Ahlfors 
quasiconformal mappings on the half plane jT]. Quasi-conformal mappings pre- 
serve the divergence form-structure of an elliptic operator Co, but when composed 
with a nondivergence form operator Cn the transformed operator has first order drift 
terms. 

The more recent work ^U] for divergence form operators (Theorem II. 7p can be 
applied to obtain regularity of elliptic equation in nondivergence form in the special 
case that the coefficient matrix satisfies ()1.6p . The approximation technique to be 
introduced in the next section, together with Theorem 12.11 show that Theorem 11.71 
can be extended to operators in divergence and nondivergence form with coefficients 
satisfying the weaker condition (j2.2p . At the same time, this opens the door to 
extend the scope of the examples provided in 11.41 to this wider class of operators. 
The following theorem is a nondivergence analog to Theorem 4.11 in [H]. 
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Theorem 2.4. Given any nonnegative function a (X) in = {{x,t) : t > 0} such 
that a {X) satisfies the doubling condition: a (X) < Ca (Xq) for all X = {x, t) , Xq = 
{xo,to) '■ \X — Xq\ < Y and such that 

sup ^f^dX i € {da, [0, 1]') , 

where da is the Euclidean measure in (9 ([0, 1]^) and 6 {{x,t)) = t. There exists a 
coefficients matrix A such that, 

(1) the function a (X) = supy^g^^^^^ ^x) (^) ~ satisfies that for all / C M, 



2v^ 



1 

m 




(x, y) dx — < C 



Til) 



1 

m 




(x, y) dx — + 1 

T{2i) y 



(2) the function a (X) = oscg^^^j A (X), satisfies that for all / C M, 

2yn 



1 




(x, y) dx — < C 



1 

|T| 




(x, y) dx — + 1 

T(2i) y 



and 



'T(i) y 

(3) if = a ■ on , the elliptic measure ducj^ is not in A^o {dx, [0, 1]) . 



The above theorem shows that the Carleson measure condition ()1.3|1 in Theorem 
11.41 is sharp also in the nondivergence case. In particular, it shows that the main 
result in J7j is sharp. The proof is a simple application of Theorem 4.11 in jBj and 
the approximation argument given in the section below fLemma I3.1(jp . See the proof 
of Theorem 12. II in Section |3] for an example of the techniques used. 



3. Preliminary results 

Given a weight win the Muckenphout class Ap (Q), we denote by L'^ {Q,w) , 1 < 
p < g < oo, the space of measurable functions / such that 

ii/iil,(c,«,) = (^i/(^)r^(^)^^) <oo. 

And for a nonnegative integer k, we define the Sobolev space W'^''^ {Q, w) as the space 
of functions / in L"? [fl, w) such that / has weak derivatives up to order k in L'^ {Q, w). 
Under the assumption w e Ap, the space W'^''^ (fi, w) is a Banach space and it is also 
given as the closure of (f2) (smooth functions of compact support in f2) under the 
norm 

k 

see jT], jTTj. We recall now some definitions. 
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Definition 3.1. Given a locally integrable function finVtd M", the BMO modulus 
of continuity of f , rjQ,j{r),is given by 

(3.1) r/n,/(r) = sup sup , ,\rsn\ I \f iv) - fs{x)\dy, 

xeno<s<r \ns[x)\ |"| JBs(x)nn 



where 



\Bs [x)\\Vt\ jB,ix)r\n 



The space BMO [Q) is given by 

BMO (n) = {fe (n) : \\Vn,fho.(^u^) < oo} 
For ^ > 0, we let BMO^ (fi) be given by 



BMOg {n) = <f e BMO (fi) : liminf r^Qj (r) < g 

r— >0+ 

It is easy to clieck tliat BMO^, (f2) is a closed convex subset of BMO (f2) under the 
BMO norm ||/||BMO{n) = ll^f^jllL-(R+)- When ^ = 0, BMOq (Q) is the space BMO (Q) 
of functions of vanishing mean oscillation. We say that a vector or matrix function 
belongs to a space of scalar functions X if each component belongs to that space 
X. For example, we sat that the coefficient matrix A G BMO if Aij G BMO for 
^ i, j n + 1. The following theorem establishes the solvability of the continuous 
Dirichlet problem for a large class of elliptic operators in nondivergence form. In 
particular, for such operators the harmonic measure is well defined. 

Theorem 3.2. [IG^Let = ■ be an elliptic operator in nondivergence form in 
Q C R"+^ with ellipticity constants (A, A). There exists a constant g = g{n,X,A), 
such that if a & BMO^ (Q) then for every g (z C {dVt) there exists a unique 

ueC{n) fl <f(fi) 

l<p<oo 

such that LnU = m i7 and u = g on dVt. Moreover, for any subdomain Vt' dd Vt 
and 1 < p < oo, there exists C = C (n. A, A,p, f2, dist (i7', (9fi)) such that the above 
solution satisfies 

\\'^\\w^'P{n') — ^ \\'^\\lp(q.''\ ' where Vt' = \xeVL:5 (X) > - dist (fi', dVt) 



IVK2,p(n') ^ ^ ll"'llLp(f^') ' wiicic - -y^ Ki . u yy^) ^ - 

Theorem 3.3. Let w G Ap, p G [n, oo) and Q G MJ^ be a Lipschitz domain. For 
any < A < A < oo there exist a positive g = g{n,p, X,A,\[w]\ap), such that if 
Ciy=A {X) ■ Vx, A G BMOp (f2) then for any f G LP(f2,w), there exists a unique 
u G C{VL){^W^^^{VL,w) such that C^u = f in Q and u = on dQ. Moreover, 
if dQ is of class , then u G '^(fi, w) W^^'^(i7, w) and there exists a positive 
c = c(n, p. A, A, \ [w]\Ap,f]n,A,dQ), with rjn^A given by such that 

\\u\\w^'P{n,w) < c ||/||LP(n,M))- 
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The following comparison principle is the main tool that allows us to treat non- 
divergence form equations with singular drift. Since we assume that our operator 
satisfies CV, the result from [2] originally stated in a domain and for continuous 
coefficients extends to the more general case stated here. Before stating the theorem, 
we introduce some notation. 

If f2 C M""^^ is a Lipschitz domain and Q G dfl, r > 0, we define the boundary ball 
of radius r at Q a.s 

AriQ) = {P edn:\P -Q\ <r}. 
The Carleson region associated to (Q) is 

Tr{Q) = {Xen: \X-Q\<r}. 
The nontangential cone of aperture a and height r at Q , a, r > 0, is defined by 
r„,. {Q) = {X en:\X-Q\<{l + a)6 (X) < (1 + «) r} . 

Theorem 3.4 (Comparison Theorem for Solutions). 2\Let Q C R""*"^ be a Lipschitz 
domain and £ = A ■ + b ■ V, be a uniformly elliptic operator such that b satisfies 

(3.2) 6{X) sup \h{Y)fdXe€{da,n) 

YeQs^x){X) 

and L satisfies CD . There exists a constant C, tq > depending only on C and 
such that if u and v are two nonnegative solutions to Cw = in T^r (Q) , for some 
Q G dQ, and such that u = v = continuously on /\2r {Q), then 

^-1 ujX) ^ vjX) n(X) 



uiXriQ)) - viXriQ)) - n(X,,(Q))' 

for every X e Tr (Q), < r < tq. Here Xr (Q) G with dist (X^ (Q)) ^ \X - Q\ ^ 
r. 

Remark 3.5. In |2] the hypothesis on b is 6 {X) |b(X)| < rj {6 {X)) where rj is an 
non- decreasing function such that ri{0) = lims^Q+ ri{s) = 0. Nevertheless, the main 
tools used to obtain Theorem were 

(1) C satisfies property VP 

(2) a maximum principle 

(3) Harnack inequality. 

We assume (1) holds, while (2) and (3) follow as in j2] once we notice that \3. ii)) 
implies that b is locally bounded in VL. Therefore, Theorem \3.4\ also holds under our 
assumptions. 

We list now some consequences of the above result that will be useful to us. 

Lemma 3.6. Let Q C R""*"^ be a Lipschitz domain and £ = A ■ + b ■ V, be a 

uniformly elliptic operator such that h satisfies \'^. ^) and L satisfies CD . Let Ar (Q), 
Tr (Q), Xr (Q) and tq be as in Theorem \3.4\ Let A = (Q) for some < r < ro 
and Q G dVL. 
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(1) cj^'-(«) (A) ^ 1. 

(2) IfEcAandXe n\T2r (Q), then 



uo^ (E) 



(3) (Doubling property) (A,,. (Q)) ^ (A2r (Q)) whenever X G Q\T2r (Q). 

An important consequence of the properties listed in Lemma 13.61 is the following 
analog of the "main lemma" in Before stating the result we need to introduce 
the concept of saw-tooth region. 

Definition 3.7. Given a Lipschitz domain Q and F C dQ a closed set, a "saw- 
tooth" region Qp above F in Q of height r > is a Lipschitz subdomain of fl with 
the following properties: 

(1) for some < a < (3, < Ci < C2 and all a < a' < a" < (3, 



PeF P£F 

(2) an n = F- 

(3) there exists Xq G Vtp (the center ofVLp) such that dist {Xo^dVlp) ^ r, 

(4) for any X e n, Q e OQ such that X G To^^^r^ (Q)n^F ^ 0, 3P G F : 

(5) flpis a Lipschitz domain with Lipschitz constant depending only on that of 

n. 

With these provisos, now we state the following: 

Lemma 3.8. Let Q be a Lipschitz domain and C = A ■ + b ■ V, be a uniformly 
elliptic operator that satisfies CD. Let F C dVt be a closed set, and let Vtp be a saw- 
tooth region above F in Vl. Let uj = iOc^n CL^d let v = oj^li^ , where Xq is the center 
ofVtp. There exists 6' > such that 

^^<u{F)\ forFcA = Ar{Q). 

Here 9 depends on the Lipschitz character ofQ, but not on E or A. 

The following result will allow us to relax the hypothesis in Theorem II. 71 We 
adopt the following notation 

W = {w, r) , where w = {wi, . . . , Wn) , r = Wn+i 

Y = (y, s) , where y = {yi, ...,?/„), s = yn+i 

X = (x, t) , where x = (xi, . . . , x„) , t = Xn+i- 

Given a measurable function / {X) and 7 > 0, we recall that the oscillation of / in 
the cube (X) is given by 

osc,/(X)= sup \fiW)-f{Z)\. 

Y,WeQ.y{X) 
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Lemma 3.9. Let f {X) be a bounded measurable function in . Let < do < 1 
and let a, b, c be positive constants such that a + b + c < dg. Define 

(3.3) f{Y) = —1— f f{W)dW 



r {X) 



\Qa{Y)\jQ^^Y) 

1 



\Ql>iX)\jQ,iX) 



f{Y)dY 



Then, zfS {X) = osc,„ / {X), £* {X) = sup^,Q^(;,) | V/* {Y)\ andS{X) = su^y^Q^^x) If* (Y) - f {Y)\, 
they satisfy 



8{X) 



and S{X)<E {X) , 



respectively. In particular, if n is a doubling measure on dWi^^ and 



8{xy 



dX e e (d/x, , with norm 



£{xy 



Co. 



then t£* {Xf dX e € {dpi, Rl+^) (with norm C* = C* (Co, n, a, b) ) and t'^S {Xf dX e 
€{dii,Rl+'). 



Proof. For 7 > 1, let 7^''^ (Y) denote the intersection of (Y) and the hyperplane 
normal to the i*'* coordinate axis, i.e. 

{Y)^{ZeQ-y{Y):Zi^Yi}, i^l,...,n + 1. 

Let Ci = i = 1, . . . , n + 1, and let = {wi, . . ., Wi^i, 0, Wi+i, . . . , w„, r), 

dw'^ = dwi . . . dwi^idwi.jf.i . . . dwn+i with similar definitions for the variable Y. Then 
for i = 1, . . . , n, 



dyi 



^h'^O h { \Qa {Y + /^e-)! jQ^^y^ne,) ^'^^ \Qa {Y)\ ^jy) ^ '^^ 



1 1 I ryi+^+^ 

lim — 



/ / ^^^"/ / 



(3.4) 



And 

df{Y) 
ds 



lim — < / 

'^-o h {\Qa{Y + hen+i) \ Jq^ 

lim — < / 

h-^o h {\Qa{Y + hen+i)\ Jq^ 



fdW 



e,- ) dw^ 



fdW - r^-^ / fdW 



{Y+hen+l)\Qa{Y) 



fdW 
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IVa V )\ JQa{Y)\Qa{Y+he„+i) ) 



1 1 



dw 



(3.5) = —\Fi{Y)+F2(Y) + F3(Y)]. 

as >■ 

Now, let Q be the unit cube Q — {Z — {zi, . . . , Zn,r) : \zi\ < |}; substituting Z 



Y-X 
bt 



we have 



r{x)= [ f{x + zbt)dz. 

JQ 



Hence, for i — 1, . . . ,n 

df*iX) f d 



jQ '-'•^i 

1 r df(Y) 



\Qb\ Jqu dXi 



dY 



rP{x) 



f [f + [xi-^-^]ei] dfds } . 



And 



dt .In dt 

{y,-x,)df{Y) 



dY 



+^^r (l+^-^]^-l^dY 

IQ.Wl4(x)V ^ t J dt 

n 

(3.7) = + 



'n+l- 
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In 



then 



1 



\Qb{x)\ 
1 1 



Qb(x) 



[s-t] 



(1 - a) -dY 

s 



1 a 



dyds 



bt L_bt \t s 



dyds 



(3.8) 



— I 6 — 0" In 
bt 



2 + 6 
2-6 



0. 



Substituting 1 + = (7 + + (1 — cr) j on the right of ()3.7p . we have 



cr 



'n+l 



(3.9): 



dfjY) 

|g,(x)|iQ^(^) 9t 

(T 1 



dV 



\QUX)\ 



Qb{x) 



6t|T„^i (X)l/r^_ 



n + l 



(^) 



6t 



(s-t) 



bt 



g/(y) 
9t 



dy + I, 



n+l- 



Using ()3.5p in the second integral on the right, we have 



(3.10) 



\Qb{x)\ 
1 



Qb{x) 



[s-t) 



1 ^ 



+ (1 - a) — FidF 



as 



+ 



\Q^{x)\ 



Qb{x) 



{s-t) 



+ (i-a) - F2 + F3 



as 



For Y eQ, (X) and G (F), we have |/ (IV) - / (X)| < osc(,+;,) / (X). Then 



Fi{Y) 



< 



1 



1 



/U;,s 1 + 



2a 



(3.11) 
Also, 



< 2(osc,+,/)(X). 



F2 (F) + F3 (F) - 2nf (X) 



/U;,s 1 



2a 



-f{X) 



dw 
dw 



E 



E 



1 1^" (^)l 
1 



as 



/(^^+(l/i + y)el)-/(X) 



:^ 1'^" (^)l [Jt^(y) 

(3.12) < 2nosc(a+fe)/(X). 



as 



fix) 



dw^ds 



dw^ds 
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Using the cancelation property ()3.8|) . ()3.1H) and ()3.12|) on the right of ()3.10|) . we 
obtain 



< 



at\Q, (X)| 
1 1 



Qb{X) 



tji 



(3.13) 



< 



at \Qi, Jq^^x) 
4 (n + 1) 



Fi dY 
F2 + F3 - 2nf (X) 



dY 



at 



Where we also used that for Y E Qb {X) and 6 < 1, |l — ^1 ^ 2. Substituting on the 
second term on the right of ()3.9|) . and handling the first term on the right of ()3.9|) in 
a similar manner, we obtain 
(3.14) 

|/n+l I < ^ OSCfc / (X) + OSC(,+fe) / (X) < OSC(„+6) / (X) . 

The estimate for Jj, i = 1, . . . , n in ()3.7j) is obtained also proceeding in this way. Note 
that from ()3.4|1 we have 



df{Y) 



- at °^^('^+^) ^ ^^"^ 



hence 



/ 






t 



dY < — osc(„+fc) / (X) . 



Using these estimates and ()3.14|) on the right of ()3.7p finally yields 



df* (X) 



dt 



< 



na-^b'^ + fib-^ + 4a"^ {n + 1] 



OSC(a+fe) / (X) = Ca,b,n- 



osc(a+f,) / (X) 



On the other hand, from ()3.6|1 and the definition of f {Y), ()3.3|1 . it follows that for 



z = 1, . . . ,n. 



df* {X) 



dxi 



< 



bt\rHx)\JT: 



f{f+{x^ + ^]e^]-f{y'+{x^- 



bt 



dy^ds 



< ^ OSC(„+6) / (X) . 



Hence, we have shown that 



iX)\<Ca,b,n 



osc(„+b) / (X) 



t 



And therefore, for < a,b,c < 1, satisfying a + 6 + c < do we have 

r(x)= sup IV/* (y)| < c., /"^""^:" ^ ^""^ < c.J-^: 

Y£Qc{X) t t 
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Then te* {Xf < C\y,^J-^ and if the right hand side satisfies G £ (c//i,R:[+^) 

with Carleson Co, it follows that tE* {Xf e C {dfi, R"+^) with Carleson norm bounded 
byC2 Co. Finally, for yGQe(X), 



1 



fiZ)dZ-fiY) 



Qt{y) 



< 



\QUY)\ 

1 



1 



1 



4Z) 



f (W) dWdZ - f (Y) 



\fiW)-f{Y)\dWdZ 



IQb{Y) 

< OSCa+b+cf{X)<S{X). 

Hence sup^,Q^(^) |/* {¥) - f {Y)\ < 8 (X). □ 

Lemma 3.10. Let Q be a Lipschitz domain in W"'^'^ , fi be a doubling measure on dQ, 
6 {X) = dist {X,dQ), and suppose that g is a measurable function (scalar or vector 
valued) such that for some constant < a < 1 it satisfies 

du = 6 (X) osCa5{x) 9 {x f dX G C {d^, Q) . 

The for every Lipschitz subdomain Q G Q, there exists a doubling measure fl on dfl, 
with doubling constant depending only on the doubling constant of fi, such that fi = ^ 
in dQ f] dQ, and 

du = 6 (X) 0SCaS{x) 9 dX G £ ( (i/i, VL 



where 5 (X) = dist yX^dVty Moreover, the Carleson norm \\di'\\^^^^^\^depends only 

on the Carleson norm of dv and the Lipschitz character ofQ. If ^is the Lebesgue 
measure on dQ then fi can be taken as the Lebesgue measure on dVt. 

Proof. In the case that da is the Euclidean measure da on c^fi, the result follows 
as in the proof of Lemma 3.1 in ^Uj. To obtain the Lemma 13.101 for an arbi- 
trary doubling measure a, given a Lipschitz subdomain i7 C we will construct 
an appropriate extension of a from dVL^dVt to dCt. We may assume that VL = 



1^+1 = {{x,t) : X G M", t > 0}, the general case follows by standard techniques. For 



X 



where 



[x, t) G M++\ let Ax = {{y, 0) : \x - y\ < t} and define M (X) - ^^^^^ 
a is the Euclidean measure in R"" = dQ. Since a is doubling, M (X) is continuous in 
M"^^ and M ^ ^ as t — >■ in the weak* topology of measures. Now, for any Borel 
set E G Q, we define 

jl{E) 



a 



M (X) dd (X) 



EC\dn 



where da (X) denotes the Euclidean measure on dQ. Then obviously /i is an extension 
of a from dQ f] dCl to dCl. It remains to check that /t is a doubling measure and that 

du E <t [djl, Cl). Let A C dCl he a surface ball centered at Xo = (xo,to) ^ d(l and 
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let T (A) C be the associated Carleson region. Following the ideas in |lOj, we 
consider two cases. 

In case 1, we assume that = diamT(A) is smaller than If X = {x,t) G 
M!^+i belongs to T(A), then \to ~ t\ < ^ and so 6 (Xq) = to < ft = f6{X). 
From the definition of M (X), and the doubling property of a, it follows that for all 
X e Bto (Xq), M (X) M [Xq) with constants depending only on a. Since is a 
Lipschitz domain, it follows that 



/i (A) = [ M (X) da (X) ^ M (Xo) / da (X) ^ d^M (Xo 

J A J A 



'^0 



Similarly, /x (2A) ^ —^j^a {2Axo), which shows that ( A) ^ /i(2A). On the other 
hand, because (ii/ (X) G ((ia, fi) , we have 

sup \giY)-g{Z)\< 

where C depends only on n, a, the doubling constant of a and ||c^'^|le;(rfo-n)- Since 
n C fi,we have 6 (X) < 5 (X) = t for all X e Cl. Then 

rfz>(X) = / 5{X) sup -^(Z)l^dX 
T(A) ir(A) y,zeB„^(^)(x) 

''0 

< C-^a(A^J<C/i(A). 



t \ t" 



71+1 





Dn+l 



In case 2, when do = diamT(A) > let Qo = Qcdo {xo,0) be the cube in 
centered at (xq, 0), with faces parallel to the coordinate axes and side-length cdo- For 
c big enough depending only on the Lipschitz character of f2, we have T (A) C T = 
Qo n Then, since S {X) < S (X) for all X G and du (X) G C (rfa, r^). 



/ dHX) = I Hx)o^c^~,^^^g{XfdX 
< J^6{X)osc^siX)9{XfdX 
dv (X) 

(3.15) < C^(grf„(xo,0)f|R"x{0}) 
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where we used the doubhng property of a. Let {Qi}^]^ be a Whitney decomposition 
of R"'*'^ into cubes, i.e. for each i, diam(Qj) dist (Qj, ^M""*"^) , for different indexes 
I and J, Qifl 2i has no interior , and W^^^ = J^i Qi- Let C {Qi}Zi be 

the collection of cubes such that Vjf]A ^ 0, and let Xj be an arbitrary point in 
Vj {\ A. Then from the definition of /i and since diam [Qi) ~ dist (Qj, c^M^"''^), 



diam(Pi) ip,nA 



Then 

oo oo 

(3.16) /i(A) = a(Af|l])+^/i(p,f|A) ^a(Af|l])+5^a(Ax,) 

> c^(gdo(a;o,o)f|K"x{o}^ 

the last inequality follows from a simple geometrical argument. From this and ()3.15p 
we have /^(-^-j dv (X) < Cfi (A) as wanted. Also, from ()3.16|1 we also have /i (A) 
jl (2A) in this case. □ 

The following lemma estates the local character of the regularity of the harmonic 
measure. 

Lemma 3.11. Let C he an elliptic operator in divergence form or nondivergence form 
with drift h in a Lipschitz domain Q; i.e. £ = A • V + b • V or £ =A ■ + b ■ V 
where A satisfies the ellipticity condition il.^) . Suppose that b is locally bounded in 
Q and that for a doubling measure aon dQ it satisfies 

(3.17) 6 (X) osc^ b (X)^ G € {da, fi) . 

Then duc G if and only if there exists a finite collection of Lipschitz domains 
and compact sets Ki CC dflif]dfl such that IJiLi ^ ^> UILi-^*' 

and 

duJc,\K, e Aoo (da) , i = l,...,N. 
where Ci denotes the restriction of C to the subdomain Qi . 

Proof. If b = 0, the result is an immediate consequence of the "main lemma" in |1] 
for the divergence case and the analog to the main lemma in the nondivergence case, 
contained in 0. The case b 7^ then follows from Theorem 11.61 for the divergence 
case and Theorem 14.11 from next section for the nondivergence case. Indeed, by the 
mentioned theorems, if C is the operator with drift b and Cq is the operator with 
the same second order coefficients but without a drift term, then duc ^ ^00 [dcr) 
dujco ^ ^00 (c^cr)- On the other hand, by Lemma l3.1(JI with g {X) = b(X), the 
restriction of b to any Lipschitz subdomain Q' G fl also satisfies (j3.17j) in Q'. Hence, 
by Theorems 11.61 and 14. H for any doubhng measure da' on dfl', we have dujc\n' G 
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Aoo {da') 4^ duJcoiQ' £ ^oo {da'). Now, for Ki as in the statement of Lemma 13. Ill 
dalxi, the restriction of da to the compact set Ki, can be extended to a doubhng 
measure dai on Sfij with the same doubhng constant. Then duJc\n^ ^ ^oo {da^) ■<=^ 
duJco\ni € ^oo (c^cr'), which imphes that 

duJc\n,\K, e Aoo {da\K,) ^ duJco\n,\K, e A^o {da\K,) , 

where (icj^i^J/^:, denotes the restriction to of the harmonic measure of C in Qi, 
with a similar definition for duJco\ni\Ki- This shows that Lemma r3.11l in the case b 7^ 
follows from the case b = 0. □ 



4. Proofs of the Theorems 

The proof of Theorem 12 . II relies on the following special case. 

Theorem 4.1. Let Cn,o = A ■ and Cn,i = AV^ + b ■ V where A = (Ajj)"^^^ 

and h = {bj)^^^ are bounded, measurable coefficients and A satisfy the ellipticity 

condition M.^) in a Lipschitz domain Q. Suppose that CD holds for Cn,i, = 0, 1 in 
Q and that 

(4.1) 6{X) sup \h{Y)\^dX e€{da,Q) . 

Then dojr € A^o =^ dojr G A^o- 

We defer the proof of this result (which contains the main substance of Theorem 
12. 1|) to next section. Now we obtain Theorem 12 . II from Theorem 14.11 

Proof of Theorem{K^ Let Cn,o = Aq ■ + bo ■ V and Cn,i = AiV^ + bi ■ V 
where Ae, hi and Cn/ satisfy the hypotheses of Theorem 12.11 for i = 0,1. Then if 
ducj^g G Aoo, by Theorem 14.11 it follows that dujc*^^_^ G A^o where C%j q = Aq ■ V^. 

Indeed, since obviously duoc*^^ G A^o (^duci^^^ ' Theorem 14. II we have that ducj^g G 

Aoo (^ducj^^ n^oo; and hence duc*^^ G A^o. By the result in [T7j f Theorem 11.41 in 
the Introduction) and Theorem 14.11 we have that if = Ai • V^, then 

duJciro ^ ^00 ^ duci^^^A^ ducj^^^ G A^, 

as wanted. □ 

Theorem 12.31 will follow once we are able to apply similar techniques. This will 
be accomplished with the aid of the approximation provided by Lemma 13.91 in the 
special case Q = M"^^, and the localization given by Lemma [3.111 

Proof of Theorem \2.!A Given Pq G dVL let X = {x, t) be a coordinate system such that 
Pq = (^0;^o) G dVt and there exists a Lipschitz function ■?/' : — >■ R defining a local 
coordinate system of in a neighborhood of Pq. That is, for some tq = tq {Q) > 
we have 

c^fi {|a; — xo| < To} X M = {{x,ijj {x)) : \x — xo\ < ro} 
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(4.2) il' = {(x,t) : |x - Xol < ro, ^ (x) < t < (x) + ro} C fi. 

Let Tjs (y) = s~"r7(|), where r] is an even C°° approximate identity in R" sup- 
ported in {\y\<l}. Set p{y,s) = (y, CqS + F (?/, s)) with F{y,s) = rjs * i> (y) = 
/ijn Vs {y- z)ip {z) dz. We have 



co + f 



Since ||ff < C'n II VyV^H^^, where Cn = n j i] {y)\y \ da, (note that, for appropriate 
r], C„ is a universal constant), taking cq = 1+C„ ||Vy'?/'||^, p is a 1-1 map of M"^^ onto 
{(x,t) : t > T/^ (x)}, moreover, p is bi-Lipschitz and 1 < |detVyp| < 1 -|-2C„ || Vy-j/'H^. 
This transformation gives rise to the Dahlberg-Kenig-Stein adapted distance function. 

For a > 0, let = \y — xq\ < «} x ^0, ^ j , and Vta = p ($«)• For a = small 

enough depending only on HVj^^/'H^ and n, we have VLao C f^', where VL' is given by 
(j4.2j) . Moreover, f^ao is a Lipschitz domain with Lipschitz constant depending only 
on the constant of VL. 

We will first consider the divergence case, suppose that C-r, = div AV + b ■ V is a 
uniformly elliptic operators in divergence form with bounded measurable coefficient 
matrix A and drift vector b satisfying ()2.2|) . i.e. 

(4.3) (r^ (X) oscQ^(x) A {Xf + 5 (X) oscq^(x) b (xA dX e € (da, fi) . 

Since Pq is an arbitrary point on dQ and dfl is compact, by Lemma f3. Ill to prove 
Theorem 12.31 it is enough to prove that if u is the harmonic measure for £_Din ^ao, 
then 

(4.4) uj\k e A^{da\K), 
where K C dQao is the compact set given by 

(4.5) K = p\y = {y,s) : \y - Xo\ <^,s = 0] C da 



For simplicity, we will write Q = fia^and $ = $^0- Since ip is Lipschitz, it follows 
that the transformation p : $ ^ can be extended to a homeomorphism from $ 
to Q and such that the restriction of p to 9$ is a bi-Lipschitz homeomorphism from 
dQ to dfl. Indeed, since {ris}s>o ^ smooth approximation of the identity, it easily 
follows that p restricted to 9$ is given by 



(4.6) p{Y)=piy,s)= { 



{y,cos + F {y,s)) , < s < ^, \y - xo\ = ao 



y,co^ + F{y,^)) s = ^ 



whenever Y G 9$. If 6 {¥) = dist (Y, 9$), then for some constant C depending 
only on HVy'j/'ll^ and n, the following estimate holds for the distance functions 6 and 
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5: 

(4.7) 



C-^6{Y) <6{p{Y)) < C6{Y) 



Y e<t>. 



To see this, let Yq e ^ and let Sq = S{Yo). Now, 5(p(Fo)) = dist (p (^0) , 5^^) = 
\p (Yo) - X'\ for some X' e dQ. Let Y' = p-^ (X'), and Xq = p (Yq), thus, Y' e 9$ 
and since p~^ is Lipschitz in $, we have 

~5 (Yo) <\Yo-Y'\ = \p-' (Xo) - p-' (X') I < C |Xo - X'| = C5 (p (Fo)) , 

with C = C (n, II Vy'?/'!!^). The other inequality in ()4.7p follows in a similar manner. 
The Lebesgue measure a on 5fi induces a doubling measure p on 9$ by the relation 

p{E) = a {p {E)) , for any Borel set E C 9$. 

Let 5" be the Lebesgue measure on 9$, then from the definition of p and the fact that 
p is bi-Lipschitz it easily follows that ^ ~ 1. Hence we can replace p by a in our 
calculations. Now, if u {x, t) is a solution of = divx AVxu + b ■ Vxu = in Q , 
then V {y, s) = u{p {y, s)), defined in $, is a solution oi Cjjv = divy AVyf + b- Vyf = 
0, where 

(4.8) A(F) = ((Vyp)-^(F))*A(p(F))(Vyp)-^(r)det(Vyp)(F), 

(4.9) h{Y) = b(p(r)). (Vyp)-^(F)det(Vyp)(r). 

We claim that A and b satisfy 



(4.10) 



5 (Yy' oscQ,,^, (y) A {Yf + 5 (Y) oscq,,^, (y) b (Yf }dYe<l {da, $) 



2v^ 



2yn 



Let e $ let Fi, such that |Fi - Fo| < and IK, - FqI < i<5o, where 60 = 6 (Yq), 
then by (jUHl 

A(Fi)-A(F2) 



5o 



(4.11) 



< C 



((Vyp)-^ (Fi)) A (p (Fi)) (Vyp)-' (Fi) det (Vyp) (Fi 
- ((Vyp)-^ (Fs))* A (p (F2)) (Vyp)-^ (Fa) det (Vyp) (F^ 

((Vyp)-^ (Ki))*-((Vyp)-^ (F2))* 



I A (p (Fi)) (Vyp)"' (Fi) det (Vyp) (Fi)l' 



iVyp)-' iY^)-iVypr'iY2) 



{(Vyp)-' (F2))* A (p (FO) Idet (Vyp) (Fi 
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+c 



|det (Vyp) (FQ-det (Vyp) (^2)!^ 
5n 



\A {p A {p {¥,))[ 



-C 



■ {{Vyp)-' \{Vyp)-'{Y2)det{Vyp){Y,)\\ 

and similarly, by ()4.9p 

5o|b(ri)-b (1^2)1' 

= 5o |b (p (Fi)) ■ (Vyp)-' (Fi) det (Vyp) (Yi) 

-b (p (F2)) ■ (Vyp)-' (¥2) det (Vyp) (F2) f 
(4.12) < C<5o |b (p (Fi)) - b (p (F2))n- (Vyp)-' (Fi) det (Vyp) (FOf 

+C5o |b (p (1^2)) ■ (Vyp)-' (FOf |det (Vyp) (Fi) - det (Vyp) (Fi)!' 

+C5o |b (p(F2))|' I (Vyp)-' (Fi) - (Vyp)-' (F2)f |det (Vyp) (F2)|' . 
We will use the following fact: 

Lemma 4.2. For Q, $, a, p, 6, 6 and p as above, the functions 

1 



and 



n (F) 



r2 (F) 



5(F) 



2v^ 



5(F) 



defined in $, satisfy [ri (F) + r2 (F)] rfF G C (rfa, $), where a is the Lebesgue measure 
on 9$. 

The lemma follows from the fact that 5 (F) |V^p|^ dY E € {da, $). This property 
is discussed in [TU], and it can be obtained as an application of the characterization 
of Aoo in terms of Carleson measures given in 

Then, fl4.10|) follows by applying ()4.3|) . ()4.7|) and Lemma 14.21 to the expressions 
and dug). 

We recall that $ = where $a is given by = {y : |y — Xo| < a} x ^0, ^j. 

Denote by $± = {y : |y - Xo| < a} x (-i^, ^) and let z/ (F) G Cq^ ($± ) such that 
< z/ < 1, z/ = 1 in and z/ = in <l>± \<l>|^. For F G Wl^\ 



let 



A* (F) = z/(F)A(F) + (l-z.(F))/, 
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where / is the [n + 1) x {n + 1) identity matrix. It follows that A* {Y) is an elliptic 
matrix function, with the same ellipticity constants as A. The measure a extends 
trivially from 9$ SM"^^ to SM"'*'^, we dub this extension (which is just the Eu- 
clidean measure) da*. With this definitions, because of ()4.10|) . for Y = {y,t) E M"^^ 
, A* satisfies 



\2 



oscQ^(y)A*(F)^ 
'-^^^ G € {da*,Rl-^^) , 

(i.e.: is a Carleson measure in M"^""^ with respect to a*). Where Q-y (Y) is the cube 
centered at Y with faces parallel to the coordinate axes and sidelength 'yt. There- 
fore, A* (Y) satisfies the hypotheses of Lemma 13. 9| and the matrix function A** (Y) 
defined by 

(4.13) A**(r) = — 1— / A{Z)dZ, 

No [y )\ Jqo(y) 

where Qo {Y) = Qsm (^) and A (Z) = jq^^^ /qo(2) ^* '^^^ s^^i^^^^ 

(4.14) tS* {Yf G C (rfa*, Rl^^) and dX G £ (da*, M'[+^) 
where 

(4.15) S* (Y) = sup VA** {Z) and S** (Y) = sup A** [Z) - A* [Z) 



ZeQoiY) 



ZeQo(Y) 



Moreover, from the definitions it is easy to check that A** is elliptic with the same 
ellipticity constants as A. 

Let now C}) = divy A*Vy+b- Vy and C*j^ = divy A**Vy+b- Vy. By the Carleson 
measure property of £**, and Lemma I3.1(J1 C}) and C*j^ satisfy the hypotheses of 
Theorem 11.61 in $ with respect to the measure ft, therefore, if u* and u** denote the 
harmonic measures of £^ and £^ in $, respectively, we have that u* G A^o ^ cD** G 
Aoo- On the other hand, because of the Carleson measure property of S*, and Lemma 
13.101 C*j^ satisfies the hypotheses of Theorem 1 1.71 in $; and therefore a)** G Aoo- From 
what we just proved it follows that uj* G A^o- 

Let C}) denote the pull-back of C}j from $ to f2 through the mapping p. Since 
the mapping p : 9$ —>■ dQis bi-Lipschitz, and if u* denotes the harmonic measure of 
C*jj in Q, then ut* G Aoo- This follows directly from the definitions of the Aoo class, 
the harmonic measure u* and C*j^. On the other hand, the operator C*j^ coincides 

with Cd = divx AVx + b ■ Vx in p j , hence an apphcation of Theorem II. 61 and 

the"main lemma" in [4j (see Lemma 11 1) . implies that uj\x G A^o {duj*\K), where u 
is the harmonic measure of Co restricted to the compact set K given by ()4.5|) . This, 
in turn, implies that uj\k G A^o (dalx) and proves ()4.4|) . hence Theorem 12.31 for the 
divergence case. 

We now consider the nondivergence case. Let £Ar = A-V^ + b- V where A and b 
satisfy (|0|) . Let = ilao, ^ = ^ao, and p be as before. Also, for F G $, let A** (Y) 



22 CRISTIAN RIOS 

be as in KT^ . and define C** = A** ■ + b • V, where 

A** (X) = ((Vyp) {p-' (X)))* A** {p-' (X)) (Vyp) (p-^ (X)) (det (Vyp) {p-' {X)))-' . 
Let i7i = p ^$£31 we claim that A** (X) satisfies the following 



(4.16) 
(4.17) 



sup 

Z&Qsjx) (X) 

2y/n 



\A{Z)-A** {Z)\ 



dX G <l\doM^ 



and 



sup b{X)\^A** {Z)f dX e cfc/o-,^! 

) ,,,,, IV\ V 3 



^eQ6(x)(^) 



where a is the Lebesgue measure on 9^2 1. Taking these properties for granted, by 
()4.17p . ()4.3p and Theorem II . 71 applied to the operator £**, we have that if a;** is the 
harmonic measure of £** on then uj** G A^. On the other hand, by ()4.16|) and 
Theorem 12.11 applied to the operators L and £**, from uj** G A^o we conclude that 
10 G Aoo, where lo is the harmonic measure of L on This finishes the proof of 

Theorem 12. 31 in the nondivergence case. 

It only rests to establish properties ()4.16p and ()4.17|) .Let Z G Q^po (X) and let 

W = p^^ (Z), then from the definitions of A and A** we have 

I A (Z) - A** {Z)\ = ((Vyp) (W)y \a (W) - A** (W)] (Vyp) (W) (det (Vyp) (W))'^ 
From ()4.7|) and the fact that p is bi-Lipschitz, and since p^^ (^-) ~ 



\A{Z) - A** {Z)\' 

HZ) 



A{W) - A** (W) A*{W)-A**{W) 



6{W) 



6{W) 



Applying the proof of Lemma I3.1UI to 6 (W) osc^^^,^) yA* - A** ) (W), from the 
second property in ()4.14|) it follows that for some < c < 1 

2 



A* (W) - A** (W) 



e <t{dp, $£0 



6{Y) 

where p is the Lebesgue measure on 9$ si; ()4.16p then follows from the fact that p 
is bi-Lipschitz. Now, by the product rule of differentiation 

VA** = Vx{(Vyp)*A**(Vyp)det(Vyp)-^} 

= {Vx (Vyp)*} A** (Vyp) det (Vyp)"' 

+ (Vyp)* {VxA** (Vyp)} det (Vyp)-' 

+ {VypY a** {Vx (Vyp)} det (Vyp)-' 
+ (Vyp)* A** (Vyp) {Vxdet (Vyp)-'} . 
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Applying the chain rule in each term, we see that VA** satisfies ()4.17|) because of the 
first property in ()4.14|1 . the fact that 6 |Vyp|^ G £ ((icr*,M"^^) and the boundedness 

of |Vyp|. □ 



5. Proof of Theorem 14.11 

In the spirit of ^ (see also J7j) we will obtain Theorem 14.11 as a consequence of 
the following perturbation result. 



Theorem 5.1. Let C 



N,0 



A ■ and C 



NA 



AV^ + b • V where A = (A 



n+l 
^]Ji,j=l 



and h = {bj)^^l are bounded, measurable coefficients and A satisfy the ellipticity 

condition Suppose that CT> holds for CN,t, ^ = 0, 1. Let Qo i^j^) denote the 

Green's function for C^^o in Q and set Qq (Y) = Qo (0, Y). There exists Eq > which 
depends only on n, X, A and Q such that if 



(5.1) 



Go {X) sup |b| 

yeQ^x){X) 

2v^ 



X eQ, 



is a Carleson measure in VL with respect to du?. on dfl with Carleson norm bounded 
by So, i.e., 



Go (X) sup |b| 

y&Qs(x){x) 



dX G 



Go {X) sup |b| dX 

Y&Qs(x){X) 



'-N.0 ' 



Where B2 ( dojji ) denotes the reverse Holder class of 



then dur G Boidur 
dujr with exponent 2. 

We defer the proof of Theorem lS.ll to the next subsection, and prove now Theorem 
14. H we follow the argument in 64. Let (Q) be the boundary ball (Q) = 
{P G dVt : \Q — P\ < r}, and denote by {Q) the Carleson region in f2 associated 
to Ar (Q), Tj, {Q) = {X E Q : \X — Q\ < r}. By Lemma 13.111 we may assume that 
b (X) = if 5 (X) > ro for some fixed (small) > 0. To prove Theorem 14.11 it is 
enough to show that if uJi = uj^ with Cn,i as in the statement of the theorem, then 
for all Q G dQ, 



(5.2) 



^iIa.o(q) 



G Aoo- 



For Q G dQ, r > 0, a > 0, let Ta,r {Q) be a nontangential cone of fixed aperture a 
and height r, i.e. 



Ta,r iQ) = {X en:\X-Q\<{l + a)5 (X) < (1 + a) r} . 
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For a fixed ao > to be determined later, let £r (Q) be given by 

Sb,r{Q)=l[ 5(X)^"" sup |b|^dxl , Qedn. 

K 2-^ ) 

Fix ao 5 ''^0, such that r^o.ro iQ) C T2T0 {Q) for all Q G dVL. Then, letting a be the 
Lebesgue measure on dVt, by Fubini's theorem, the hypothesis 5 (X) supygg^^^^ (^x) |b d.X G 

{da, Q) and the doubling property of da, we have 

^ ^ £:b,ro (^)^ (^) < C'-T^^^T^ / 5(X) sup \h{Y)fdX<C. 



h* (X) 



o- (A^„ (Q)) Ja.JQ) ' " o" (An, (Q)) 7t2.o(Q) ygQ^(x)(^) 

That is, the average in A^o (Q) of £^^,ro bounded. Hence, there exists a closed set 
F C A,,, (Q) such that a (F) > |a (A^o (Q)) and Sb,ro (P) < C for all P e F. Let 
fii? be a "saw-tooth" region above F in as given in definition 13. 7t and let b* (X) 
be given by 

' b (X) X enp 
X G n\nF ■ 

The drift b* so defined satisfies £^b*,ro ^ Cq for a// P G A^g (Q). We claim that 
if Cq is small enough then the operators Cq = Cn = A ■ V"^ and £1 = A ■ + b* ■ V 
satisfy the hypotheses of Theorem 15.11 in $ = Ts^,, (Q). Indeed, since b* = in 
^3ro(Q)\^2T-o (Q); we only need to check the Carleson measure condition (|5.1|) near 
A2r-o (Q)- More precisely, we will show that for all s < ro/2 and P G A2r-o (Q), 

(5.3) / (^) sup |b|'dX<£o^o(A,(P)). 

JTs(P) Y€Qs(x)iX) 

2s/n 

where Qo (X, Y) is the Green's function for Cq in <l>, Qq {¥) = Qq (Xq, Y) (where Xq is 
the center of $) and c^o = ^'co'S> ^"^^ (^^^ Lemmas 2.8 and 2.14 there), 

we have 

^ ■ ^ u,{/lx)5{Xf^jQ^_^G{Y)dY^ 

where Ax = ^s{x) (Q) for some Q G 9$ such that \X - Q\ =6 (X) ; and Q (X) = 
Q (X,X), with Q [Z,X) the Green's function for Cq in a fixed domain T DD 

and X G T\VL is a fixed point away from Vt. From ()5.4|1 . writing Q ( Q s(x) 

^Qs( ) ^ '-^'^ ^'^'^ proceeding as in the proof of (5.1) in 17J we have 



2v^ 



2v^ 



Gq{X) sup |b*|'rfX < / ujq{^x) ^^^} '^^V sup |b|'rfX 



Ts{P) Y&Q,jx^(X) JTs{P) g I q ^^^^ \ YeQsjx)(X) 



2^51 ^ \ y 2v^ 
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< C [ £l^AP)duJo{P) 
Jajp) 



if Co is small enough. Thus, Co and Ci satisfy the hypotheses of Theorem 15.11 in $ 
and hence Ui = uj^°q, G B2 {duJo,d^). By property (2) in Lemma 13161 we have that 
for E C (Q), 

^Co,n (A) 

This together with the hypothesis from Theorem 14.11 that ujc^^n G Aao, implies 
^^o|a3,(,(q) G Aoo. From tui G -B2 (o?a;o,9$) we conclude that cuiIas^oCQ) G ^oo- Hence, 
for some constants < Oq, Cq, we have 

V^i(A^„(Q))y a(A,,„(Q)) 2 

where we applied property (1) of Lemma IH^ and we used that a (F) > ^cr (A^o (Q))- 
Now, let u be the harmonic measure of Ci in Qp. By Lemma f3. 81 we have that for 
some < ^ < 1, 

On the other hand, since b* coincides with b in Qp, any solution u of Ciu = in $ is 
a solution of CiU = in fi^? C $. The boundary maximum principle implies that for 
all E C A^, (Q), z/(F) < cj* (F), where cj* = u^^ ,^. From (jS^l) and then we 
obtain 

cj* (F) > ci > 0. 

By Property (2) in Lemma 13.61 and the maximum principle, we have 

Coi (E) 



^1 (A.o (Q)) 



> iul (E) > ci > 0. 



Therefore, whenever , . > ^ then — - > Ci . This shows that (15.21) holds. 

5.1. Proof of Theorem 15. IL The proof of this results closely follows the steps in 
[T7] . We will sketch the main steps and refer the reader to |T7| for the technical details 
omitted here. First, by standard arguments the problem is reduced to treating the 
case in which Qis the unit ball B = Bi (0) (this is justified as far as the methods are 
preserved under bi-Lipschitz transformation). For simplicity, we will write Uo = ^Cno 
and uji = ^^Cni- ^^^^ '^^1 ^ -^2 {duo) it is equivalent to prove that if Ui is a 

solution of the Dirichlet problem 

Cn,iUi = in 5 
Ml = g on dB, 

where g is continuous in dB, then 

(5-7) \\NML-^{aB,duo) ^ C \\g\\L2^QB,duj,) , 
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where Nu is the nontangential maximal function (with some fixed aperture a > 0) 
of u. We let Mo be the solution to 

^NfiUo = in B 
Uq = g on dB. 

Then mi — mq = on dB and we have the representation 

(5.8) ui (X) = Mo {X) - [ Go (X, Y) CNfiUidY = uo (X) - F (X) . 

Jb 

Then, ()5.7|) follows as in ^Tj from the following two lemmas. 

Lemma 5.2. Let Q (X, F) denote the Green's function for Cn,o in Bio (0) and let 
Q (Y) = Q (X, y) where X is some fixed point in W^^^ such that |X| =5. For Y E B 

let Bq (Y) and B (Y) denote the Euclidean balls centered at Y of radii and 
respectively (in this case S (Y) = dist {Y,dB) = 1 — \Y\). Under the hypotheses of 
Theorem AB . 1\ we have that F as in h5. ^) satisfies 

N'F (Q) = snp U F' (Y) ^^l^dYV < CsoM^, (Su,) (Q) , 

where 

M^J (Q) = sup ^ I 1/ {P)\du;o 

is the Hardy-Littlewood maximal function of f with respect to the measure ujq^, and 
Sui is the area function of ui. 

Lemma 5.3. Under the hypotheses of Lemma \5.'A 

r 

S'^uidujQ ^ C (Nui) dujQ. 

dB JdB 

Indeed, by Lemma 2.21 in [El it follows that 

{Nuifduo < C I [N^uif duo 

dB JdB 

< C [ {N\oYduJo + C [ {N^'FYdcoo 
Job JdB 

where X°mi is as in Lemma 15.21 Given that Lemmas 15.21 and 15.31 hold, we have 
(Nuifduo < c[ (Nuofdcoo + Ceof M^^ (Suif (Q) duo 

dB JdB JdB 



< C [ g^duoo + Ceo [ (Smf (Q) duo 

JdB JdB 



< C / g'diuo + Ceo / (A^^^i) (Q) duo 

JdB JdB 

and the last term on the right can be absorbed into the left if £o is small enough. 
This proves ()5.7|) and hence Theorem 15.11 



DIRICHLET PROBLEM 27 

We will only write in some detail the proof of Lemma 15.21 Given the big overlap 
with the methods in J7| this will suffice to indicate the proof of Lemma I5.3t which 
is almost identical to the proof of Lemma 3.3 in ^7]. 

Proof, of Lemma OFix Qq G OB and Xq G F (Qo). Let Bq = Bsq (Xq) and KBq = 

6 

Bksq (Xq) where So = S (Xq) and K > 0. Let Q (X, Y) be the Green's function for 

6 

£iv,o on 3Bq, set 

Fi(X) = f^^J{X,Y)C^^ou,{Y)dY, 

F,{X) = J^^^^[goiX,Y)-g{X,Y)\Cr,,oUiiy)dY, 

FsiX) = ^0 (X, F) £^,oni (r) rfF. 

So that F in (jSH) is given by F (X) = Fi (X) + F2 (X) + F3 (X), and proving 
Lemma 15.21 is reduced to proving that 

We will only prove this in some detail for i = 1. Even though z = 1 is allegedly 
the simplest case of the three, its proof captures the significant differences with the 
proof of Lemma 3.2 in |17j (the analog to Lemma 15.21 here), so the other two cases 
follow in a similar manner as in [T7j . 

Let P (X) = sup|^_^|^£p£) |b {Z)\, then, given Y G Bq, we have 



|b(r)| 

^ I „^,,^M / (3iX)dX 



|3i?0 (^)l JsBoiY) 

Using (j5.4|) on the right side of (j5.9p . applying the Carleson measure property of 
Qo (X) (3 (X)^ and the doubling property of uo, we obtain 




^^o(x)^^p r /• 6^(i?(x)) 
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where the last inequahty follows as (3.6) in Note that Fi satisfies Cn,oFi = 

x{2Bo) Cn^qUi in 3i?o, where x (2-Bo) denotes the characteristic function of 2Bo. 
Hence, from the (weighted) a priori estimates for solutions (Theorem 2.5 in [T7]). 



(5.11) 



|VFi(y)r 



3So 



g{B{Y)) 



dY \ < C6o 



Q{y) 
g{B{Y)) 



dY 



On the other hand, by the weighted Poincare inequality (Theorem 1.2 in 7 



F"^ (Y) 

^Q{B{Y)) 



dY) <C5q 



3Bo 



Combining this with ()5.1H) . using 

Cn,oFi = X (25o) \Cn,o - Cn,i \ ui = x (25o) b ■ Vui, 



and ()5.1Up . we get 



So 



' ^ ^ G{B{Y)) 





7 








f i 






Ceo< 


7 




^23 



UflFi (Y) 



<3{B{Y)) 
,2 Q{Y) 



dY 



-dY 



(5.12) 



< CeqSui {Qc 



The rest of the proof proceeds as in [T7j, to obtain 



(5.13) 
(5.14) 



F| (r) 



(Y) 



g{B{Y)) 

g{Y) 



dY} < CsoSuiiQo) and 



-dY} < CeoM^,{Sui){Qo) 



G{B{Y)) 

respectively. Since F iY) = Fi (Y) + Fa (Y) + F3 (F), we have 



g{B{Y)) 



dY. 



Lemma IH?^ then follows from ()5.12j) - ()5.14j) by taking supremum over all Xq G F (Qo)- 

□ 
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